PUMaC Problems I Wrote

July 3, 2026

Scope. These are the 48 unique PUMaC problem statements I wrote, identified from the
acknowledgements in the accessible solution files. I merged duplicate Division A/B appearances
in the headings. I omitted solutions and answer keys. I did not include 2024 because the archive
page did not provide solution PDFs I could check.
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1 2020

Problem 1. 2020 Algebra A #2 / Algebra B #4

Let C' denote the curve

, z(x+1)(2x+1)
Yy = 6 .
The points (1/2,a), (b,¢), and (24,d) lie on C' and are collinear, and ad < 0. Given that b, ¢ are
rational numbers, find 1006% + 2.

Problem 2. 2020 Geometry A #2 / Geometry B #4

Hexagon ABC'DEF has an inscribed circle €2 tangent to each of its sides. If AB =12, /ZFAB =
120°, ZABC = 150°, and the radius of € can be written as m + /n for positive integers m,n,
find m + n.

Problem 3. 2020 Combinatorics A #8

Let f(k) denote the number of triples (a, b, ¢) of positive integers satisfying a + b+ ¢ = 2020 with
k — 1 not dividing a, k not dividing b, and k + 1 not dividing c¢. Find the product of all integers
k in the range 3 < k < 20 such that k£ + 1 divides f(k).

2 2021

Problem 4. 2021 Algebra B #1

Let x,y be distinct positive real numbers satisfying

1 1 T

¢x+y—wx—y+v%+y+¢w—y_w@?

If
r  a+ Vb
y  c
for positive integers a, b, ¢ with ged(a,c) =1, find a 4+ b+ c.
Problem 5. 2021 Algebra A #8
Consider the sequence of Fibonacci numbers Fy, Fy, Fy, ..., given by Fy = F; = 1 and F,,, =

F, 4+ F,,_; for n > 1. Define the sequence zg, x1,xs,... by zog = 1 and
Lyl = :Ci + F22k
for £ > 0. Define the sequence yo, y1,¥2, ... by yo = 1 and

Ybr1 = 221Uk — Ui

for k> 0. If

S
K=o Ik ¢



for positive integers a, b, ¢ with ged(a,c) =1, find a + b+ c.
Problem 6. 2021 Combinatorics A #5 / Combinatorics B #7

A Princeton slot machine has 100 pictures, each equally likely to occur. One is a picture of a tiger.
Alice and Bob independently use the slot machine, and each repeatedly makes independent plays.
Alice keeps playing until she sees a tiger, at which point she stops. Similarly, Bob keeps playing
until he sees a tiger. Given that Bob plays twice as much as Alice, let the expected number of

plays for Alice be a/b, with a, b relatively prime positive integers. Find the remainder when a + b
is divided by 1000.

Problem 7. 2021 Combinatorics A #6 / Combinatorics B #8

Alice, Bob, and Carol are playing a game. Each turn, one of them says one of the three players’

names, chosen from {Alice, Bob, Carol} uniformly at random. Alice goes first, Bob goes second,
Carol goes third, and they repeat in that order. Let E be the expected number of names that
have been said when, for the first time, all three names have been said twice. If E = m/n for
relatively prime positive integers m,n, find m + n. Include the last name to be said twice in your
count.

Problem 8. 2021 Team #3

Let

FN) = N (%)N

and let m/n denote the maximum value of f(N) as N ranges over the positive integers. If m,n
are relatively prime positive integers, find the remainder when m + n is divided by 1000.

Problem 9. 2021 Team #5

Given a real number ¢t with 0 < ¢t < 1, define the real-valued function

f(t,0) = Z trlem, w=e? =cosh +isinb.

n=—oo

For 6 € [0, 27), the polar curve r(0) = f(t, 0) traces out an ellipse E; with a horizontal major axis
whose left focus is at the origin. Let A(t) be the area of the ellipse F;. Let

1 am
4 <§) =%

where a, b are relatively prime positive integers. Find 100a + b.

3 2022

Problem 10. 2022 Algebra A #2 / Algebra B #4

Let P(z,y) be a polynomial with real coefficients in the variables x, y that is not identically zero.
Suppose that
P(|2a],|3a])=0
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for all real numbers a. If P has the minimum possible degree and the coefficient of the monomial
y is 4, find the coefficient of z%y? in P.

The degree of a monomial 2™y™ is m + n. The degree of a polynomial P(z,y) is the maximum
degree of any of its monomials.

Problem 11. 2022 Algebra A #6 / Algebra B #8
Let z,y, z be positive real numbers satisfying
4a* — 2y + y* = 64, y? — 3yz + 322 = 36, 42?4 322 = 49.

If the maximum possible value of 2xy +yz — 4zx can be expressed as y/n for some positive integer
n, find n.

Problem 12. 2022 Algebra A #7
For a positive integer n > 1, let
1
Ay — \‘\S/ﬁ + §J .

Given a positive integer N > 1, let Fiy denote the set of positive integers n > 1 such that a,, < N.
Let

As N — oo, the quantity Sy — 3N tends to an?/b for relatively prime positive integers a, b. Given
that

find a + b.
Problem 13. 2022 Algebra A #8

The function f sends sequences to sequences in the following way: given a sequence {a,}>, of
real numbers, f sends {a,}5°, to the sequence {b,}> ,, where

£

for all n > 0. Let {F,}32, be the Fibonacci sequence, defined by Fy = 0, F; = 1, and F, o =
Foi1+ F, for all n > 0. Let {c,}>°, denote the sequence obtained by applying the function f to
the sequence {F,}2°, 2022 times. Find ¢5 (mod 1000).

Problem 14. 2022 Combinatorics A #1 / Combinatorics B #3

In the country of PUMaC-land, there are 5 villages and 3 cities. Vedant is building roads between
the 8 settlements according to the following rules:

1. There is at most one road between any two settlements.

2. Any city has exactly three roads connected to it.
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3. Any village has exactly one road connected to it.

4. Any two settlements are connected by a path of roads.

In how many ways can Vedant build the roads?

Problem 15. 2022 Combinatorics A #7

Kelvin has a set of eight vertices. For each pair of distinct vertices, Kelvin independently draws
an edge between them with probability p € (0,1). A set S of four distinct vertices is called good
if there exists an edge between v and w for all v,w € S with v # w. The variance of the number
of good sets can be expressed as a polynomial f(p) in the variable p. Find the sum of the absolute
values of the coefficients of f(p).

The variance of a random variable X is defined as E[X?| — E[X]?.
Problem 16. 2022 Geometry A #1 / Geometry B #3

Let ' be the circle centered at (0,0) with radius 2022+/3. Circle Q is centered on the z-axis,
passes through the point A = (6066, 0), and intersects I' orthogonally at the point P = (z,y) with
y > 0. If the length of the minor arc AP on Q can be expressed as mm/n for relatively prime
positive integers m, n, find m + n.

Two circles are said to intersect orthogonally at a point P if the tangent lines at P form a right
angle.

Problem 17. 2022 Geometry A #5 / Geometry B #7

Let AABC be a triangle with AB =5, BC = 8, and CA = 7. Let the center of the A-excircle
be O, and let the A-excircle touch lines BC', C'A, and AB at points X,Y, Z, respectively. Let
hi, hs, hg denote the distances from O to lines XY, Y7, and ZX, respectively. If

2 2 2
hi+ h3 + h3
can be written as m/n for relatively prime positive integers m,n, find m + n.

Problem 18. 2022 Geometry A #7

Let AABC be a triangle with BC' =7, CA =6, and AB = 5. Let I be the incenter of AABC.
Let the incircle of AABC touch sides BC, CA, and AB at points D, E, F'. Let the circumcircle
of AAEF meet the circumcircle of AABC for a second time at point X # A. Let P denote the
intersection of X1 and FF. If the product X P - [P can be written as m/n for relatively prime
positive integers m, n, find m + n.

Problem 19. 2022 Geometry A #8

Let AABC have sidelengths BC' =7, CA =8, and AB = 9, and let 2 denote the circumcircle
of AABC. Let circles wy,wpg,we be internally tangent to the minor arcs BC, C'A, and AB of
), respectively, and tangent to the segments BC', C'A, and AB at points XY, Z, respectively.
Suppose that

BX CY AZ 1

XC YA ZB 2
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Let t 45 be the length of the common external tangent of wy and wg, let tgc be the length of the
common external tangent of wg and we, and let to4 be the length of the common external tangent
of we and wy. If tap + tpec + tca can be expressed as m/n for relatively prime positive integers
m,n, find m + n.

Problem 20. 2022 Number Theory A #1 / Number Theory B #3
Find the sum of all prime numbers p such that p divides

(p% + p + 207772 4 4(p? 4 p + 22)P P

Problem 21. 2022 Number Theory A #3 / Number Theory B #5

Given k > 1, let p; denote the kth smallest prime number. If N is the number of ordered 4-tuples
(a, b, c,d) of positive integers satisfying

2023

abed = H Dk
k=1

with a < b and ¢ < d, find N (mod 1000).
Problem 22. 2022 Number Theory A #5 / Number Theory B #7

A positive integer ¢ > 2 is called sweet if there exists a positive integer n > 10 such that when
the leftmost nonzero decimal digit of n is deleted, the resulting number m satisfies n = mf. Let S
denote the set of all sweet numbers ¢. If

S s
(-1 B
for relatively prime positive integers A, B, find A + B.

Problem 23. 2022 Number Theory A #6 / Number Theory B #8

Given a positive integer ¢, define the sequence {ag )};1’0:1 by

1

for all positive integers n. Let S denote the set of positive integers that appear in all three of the
sequences {ag)};f’:l, {aﬁ”};;o:l, and {aﬁf‘)}zo:l. Find the sum of the elements of S that lie in the
interval [1, 100].

Problem 24. 2022 Team #1

Let b,c € R satisfy b € (0,1) and ¢ > 0. Let A, B denote the points of intersection of the line
y = bz + ¢ with y = |z|, and let O denote the origin of R?. Let f(b,c) denote the area of triangle
AOAB. Let kg = 1/2022, and for n > 1 let k, = k2_,. If

> f ks k)
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can be written as p/q for relatively prime positive integers p, ¢, find the remainder when p + ¢ is
divided by 1000.

Problem 25. 2022 Team #7

Pick x,y, z to be real numbers satisfying

1
(—x+y+2)2—§=4(y—Z)Q,

1
(a:—y—l—z)Q—Z:éL(z—x)Q,

and

ety =2~ 5 =dlr )"

If the value of xy + yz + zx can be written as p/q for relatively prime positive integers p, ¢, find
p+aq.

Problem 26. 2022 Team #38

Ryan Alweiss storms into the Fine Hall common room with a gigantic eraser and erases all integers
n in the interval [2,728] such that 3" does not divide n!, where

t:[”ﬂ.

Find the sum of the leftover integers in that interval modulo 1000.

Problem 27. 2022 Team #9
In the complex plane, let 21, 2o, 23 be the roots of the polynomial
p(z) = 2° — az® + bx — ab.

Find the number of integers n between 1 and 500 inclusive that are expressible as

zil + zg + z§
for some choice of positive integers a, b.
Problem 28. 2022 Team #13
Of all functions h : Z~y — Z=q, choose one satisfying

h(ab) = ah(b) + bh(a)

for all a,b € Z~y and h(p) = p for all prime numbers p. Find the sum of all positive integers
n < 100 such that h(n) = 4n.

Problem 29. 2022 Team #14

Let AABC be a triangle. Let ) be a point in the interior of AABC, and let X,Y, Z denote
the feet of the altitudes from @ to sides BC, C A, and AB, respectively. Suppose that BC = 15,
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ZABC =60°, BZ =8, ZQ = 6, and ZQCA = 30°. Let line QX intersect the circumcircle of
AXY Z at the point W # X. If the ratio WY /W Z can be expressed as p/q for relatively prime
positive integers p, ¢, find p + q.

Problem 30. 2022 Team #15

Subsets S of the first 35 positive integers {1,2,3,...,35} are called contrived if S has size 4 and
the sum of the squares of the elements of S is divisible by 7. Find the number of contrived sets.

4 2023

Problem 31. 2023 Algebra B #2

The sum
2023

P —
— mi+m2+1

can be expressed as a/b for relatively prime positive integers a,b. Find the remainder when a + b
is divided by 1000.

Problem 32. 2023 Algebra A #1 / Algebra B #3
Let a,b,c,d, e, f be real numbers such that
a’ +b* + 2 = 14, > +e*+ =17, ad + be + cf = 32.

Find
(bf —ce)* + (cd — af)* + (ae — bd)*.

Problem 33. 2023 Algebra A #3 / Algebra B #5
Let P(z) be a polynomial with integer coefficients satisfying
(2 + 1)P(x — 1) = (> — 10z + 26) P(x)
for all real numbers z. Find the sum of all possible values of P(0) between 1 and 5000, inclusive.
Problem 34. 2023 Algebra A #5 / Algebra B #7

Compute

10 9k \\ 10
Z (3 + 2 cos (T)) (mod 100).

k=0
Problem 35. 2023 Algebra A #6 / Algebra B #8

A polynomial
2n—1

ple) = a’!

j=1
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with real coefficients is called mountainous if n > 2 and there exists a real number k such that
the polynomial’s coefficients satisfy a; = 1,

ajy1—a; =k for1<j<n—1,

and
a1 —a; = —k forn <7< 2n—2.

We call k the step size of p(x). A real number k is called good if there exists a mountainous
polynomial p(z) with step size k such that p(—3) = 0. Let S be the sum of all good numbers k
satisfying k > 5 or k < 3. If S = b/c for relatively prime positive integers b, ¢, find b + c.

Problem 36. 2023 Combinatorics B #2

Amir enters Fine Hall and sees the number 2 written on a blackboard. Amir can perform the
following operation: he flips a coin, and if it is heads, he replaces the number = on the blackboard
with 3x 4 1; otherwise, he replaces z with |z/3]|. If Amir performs this operation four times, let
m/n denote the expected number of times that he writes the digit 1 on the blackboard, where
m,n are relatively prime positive integers. Find m + n.

Problem 37. 2023 Geometry A #2 / Geometry B #4

Let AABC be an isosceles triangle with AB = AC = V7 and BC = 1. Let G be the centroid of
AABC. Given j € {0,1,2}, let T} denote the triangle obtained by rotating AABC about G by
277 /3 radians. Let P denote the intersection of the interiors of triangles Ty, 71, To. If K denotes
the area of P, then K? = a/b for relatively prime positive integers a,b. Find a + b.

Problem 38. 2023 Geometry A #7

Let AABC be a triangle with ZBAC = 90°, ZABC = 60°, /BCA = 30°, and BC' = 4. Let the
incircle of AABC meet sides BC, C A, and AB at points Ag, By, Cy, respectively, and let I be the
incenter of AABC. Let wy,wp,we denote the circumcircles of triangles AByICy, ACyI Ay, and
A Ayl By, respectively.

Construct triangle T4 as follows: let AgBy meet wpg for the second time at A; # Ay, let AgCy meet
we for the second time at Ay # Ag, and let T4 denote the triangle AAgA; A;. Construct triangles
Tg, Tc similarly. If the sum of the areas of triangles Ty, T, Tc equals \/m —n for positive integers
m,n, find m + n.

Problem 39. 2023 Geometry A #8

Let AABC be a triangle with AB = 4 and AC' = 7/2. Let w denote the A-excircle of AABC.
Let w touch lines AB and AC' at the points D and F, respectively. Let 2 denote the circumcircle
of AADE. Consider the line ¢ parallel to BC such that /¢ is tangent to w at a point F' and such
that ¢ does not intersect 2. Let ¢ intersect lines AB and AC' at the points X and Y, respectively,
with XY = 18 and AX = 16. Let the perpendicular bisector of XY meet the circumcircle of
ANAXY at P, (@, where the distance from P to F is smaller than the distance from @) to F'. Let ray
ﬁ meet © for the first time at the point Z. If PZ? = m/n for relatively prime positive integers
m,n, find m + n.

Problem 40. 2023 Number Theory A #1 / Number Theory B #3



Find the integer x for which
135% +138% = 2° — 1.

Problem 41. 2023 Number Theory A #2 / Number Theory B #4

A number is called good if it can be written as the sum of the squares of three consecutive
positive integers. A number is called excellent if it can be written as the sum of the squares of four
consecutive positive integers. For instance, 14 = 12 + 22 4+ 3% is good and 30 = 12 4+ 22 + 32 4+ 42 is
excellent. A good number G is called splendid if there exists an excellent number E such that

3G — E = 2025.

If the sum of all splendid numbers is .S, find the remainder when S is divided by 1000.
Problem 42. 2023 Team #3

A quadratic polynomial f(z) is called sparse if its degree is exactly 2, if it has integer coefficients,
and if there exists a nonzero polynomial g(z) with integer coefficients such that f(x)g(x) has
degree at most 3 and f(x)g(x) has at most two nonzero coefficients. Find the number of sparse
quadratics whose coefficients lie between 0 and 10, inclusive.

Problem 43. 2023 Team #5

Let S denote the set of all positive integers whose prime factors are elements of {2,3,5,7,11}.
We include 1 in the set S. If
Z v(q)
@

qeSsS

can be written as a/b for relatively prime positive integers a, b, find a + b. Here ¢ denotes Euler’s
totient function.

Problem 44. 2023 Team #6

Let f(p) denote the number of ordered tuples (1, zo,...,2,) of nonnegative integers satisfying

P
> = 2022,
i=1

where x; =4 (mod p) for all 1 < < p. Find the remainder when

> fp)

peS
is divided by 1000, where S denotes the set of all primes less than 2022.
Problem 45. 2023 Team #7

Alice, Bob, and Carol each independently roll a fair six-sided die and obtain the numbers a, b, c,
respectively. They then compute the polynomial

flx) =2+ pz® +qv+r
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with roots a, b, c. If the expected value of the sum of the squares of the coefficients of f(x) is m/n
for relatively prime positive integers m,n, find the remainder when m + n is divided by 1000.

Problem 46. 2023 Team #38

Let AABC be a triangle with sidelengths AB =5, BC' = 7, and CA = 6. Let D, E, F' be the
feet of the altitudes from A, B, C', respectively. Let L, M, N be the midpoints of sides BC', C'A,
and AB, respectively. If the area of the convex hexagon with vertices at D, E, F, L, M, N can be
written as

T\Y
z

for positive integers x,y, z with ged(z, 2) = 1 and y square-free, find x 4+ y + 2.
Problem 47. 2023 Team #11

Let

az+b
f(z)icz—i-d

for a,b,c,d € C. Suppose that f(1) =1, f(2) =2, and f(3) = ¢*. If the real part of f(4) can be
written as m/n for relatively prime positive integers m,n, find m? + n?.

Problem 48. 2023 Team #13

Let AT BD be a triangle with TB =6, BD =8, and DT = 7. Let I be the incenter of ATBD,
and let T'I intersect the circumcircle of ATBD at M # T. Let lines TB and M D intersect at Y,
and let lines T'D and M B intersect at X. Let the circumcircles of AY BM and AX DM intersect
at Z # M. If the area of AYBZ is x and the area of AXDZ is y, then the ratio z/y can be
expressed as p/q, where p, q are relatively prime positive integers. Find p + .
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