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Markov’s Inequality: P(X ⩾ x) ⩽ E[X]
x

.

Chebyshev’s Inequality: P(|X − E[X]| ⩾ λσ) ⩽ 1
λ2 .

Jensen’s Inequality: if g is convex, then E[g(X)] ⩾ g(E[X]).

Holder’s Inequality: if 1
p
+ 1

q
= 1, then E[|XY |] ⩽ E[|X|p]1/p · E[|Y |q]1/q.

MON: if 0 ⩽ Xn ↗ X∞ a.s., then E[Xn] → E[X∞].

DCT: if Xn
as→ X∞ for Xn mb and |Xn| ⩽ Y a.s. with E[Y ] < ∞, Xn is mb and E[Xn] → E[X].

Fatou’s Lemma: if Xn ⩾ Y with E[|Y |] < ∞, then E[lim infXn] ⩽ lim inf E[Xn]. (+ for
events!)

Reverse Fatou’s lemma: if Xn ⩽ Y with E[|Y |] < ∞, then E[lim supXn] ⩾ lim supE[Xn].

Note that DCT provides a situation where a.s. implies L1. Another way:

Scheffe’s Lemma: if Xn
as→ X∞ and E[|Xn|] → E[|X∞|], then Xn

L1

→ X∞.

How probability can imply L1:

Defn: {Xα} is uniformly integrable (u.i.) if limM→∞ supα E[|Xα|1|Xα|⩾M ] = 0.

Ex: for a u.i. sequence Xn = n
logn

1(0, 1
n
) on Ω = (0, 1].

Vitali: if Xn
p→ X∞, then {Xn} is u.i. iff Xn

L1

→ X∞.

Change of variables: E[h(X)] =
∫
R h(x)dPX(x) for any h. (Very useful! Don’t recompute

CDF!)

Integration by Parts: if X ⩾ 0, then EX =
∫∞
0

P(X > x)dx.

Kolmogorov 0-1 Law: if {Xn} m.i., then tail σ-algebra τ is P-trivial.

Weak LLN (L2): Xn pairwise uncorrelated, Var(Xi) ⩽ C, EXi = x. Then 1
n

∑
Xi

L2

→ x.
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Weak LLN (p): Xn iid s.t. xP(|X1| > x) → 0. Then 1
n

∑
Xi − E[|X1| · 1|X1|⩽n]

p→ 0.

• (B-C I):
∑

P(Ai) < ∞ =⇒ P(An i.o.) = 0

• (B-C II): if m.i., then
∑

P(An) = ∞ =⇒ P(An i.o.) = 1

Strong LLN: Xn pairwise independent, identically distributed, Xn ∈ L1. Then 1
n

∑
Xi

a.s.→ EX1.

CLT (Laplace): {Xn} iid with EX1 = µ, VarX1 = v. Then P(
∑n

i=1 Xi−nµ√
nv

⩽ a) → Φ(a).

Skorokhod Representation Thm: if Xn
D→ X, then there exists (Ω,F ,P), Yn, Y s.t. Yn ∼ Xn,

Y ∼ X; and Yn
a.s.→ Y (an upgrade!).

Weak convergence: Xn
w

=⇒ X∞ if Ef(Xn) → Ef(X∞) for all f ∈ C0
b .

Portmanteau Thm: νn
w

=⇒ ν∞ iff ∀ closed F , lim sup νn(F ) ⩽ ν∞(F ).

Defn: {Xα} tight if ∀ε, ∃Mε s.t. P(Xα ̸∈ [−Mε,Mε]) ⩽ ε ∀α.

Defn: characteristic function ΦX(θ) = E[eiθX ]. (Normal: e−θ2/2)

Props: ΦaX+b(θ) = eibθΦX(aθ); X ⊥ Y implies ΦX+Y = ΦXΦY ; ΦX = ΦY implies PX = PY .

Levy continuity: weak convergence =⇒ convergence of Φνn ; convergence of Φνn + continuity
of Φν∞ at 0 =⇒ weak convergence.

Defn: if X ∈ L1, Y = E[X|G] is conditional expectation if Y is G-mb and E[Y · 1A] =
E[X · 1A] ∀A ∈ G. (“best guess given G, a rv”)

Props: (Tower) E[E[X|G]|H] = E[X|H] if H ⊆ G, (⊥) E[X|G] = EX, (mb) E[X|G] = X.

Defn: (Xn), (Fn) martingale if Xn ∈ L1, (Xn) adapted, E[Xn|Fn−1] = Xn−1. (check all 3!)

Sub-martingale = increasing, super-martingale = decreasing.

Props: (Xn) MG + Φ convex implies (Φ(Xn)) sub-MG; (Xn) sub-MG + Φ convex
nondecreasing implies (Φ(Xn)) sub-MG.

Defn: τ stopping time if {τ ⩽ n} ∈ Fn ∀n.

Props: (Xn) (sub-)MG implies (Xn∧τ ) (sub-)MG; θ ⩽ τ implies EXn∧θ ⩽ EXn∧τ .

Decomposition: Xn = An + Yn where An predictable, Yn MG.

Maximal inequality: (Xn) sub-MG implies P(maxk∈[n] Xk > x) ⩽ 1
x
E[(Xn)+]. (Like Markov!)

MG Convergence: if (Xn) sup-MG, supE[(Xn)−] < ∞, then Xn
as→ X∞ and E|X∞| ⩽

lim inf E|Xn|.

Thm: {Xn} sub-MG. Then u.i. iff Xn
L1

→ X∞.
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Optional stopping: (Yn) sub-MG, θ ⩽ τ stopping times. Then EYτ ⩾ EYθ ⩾ EY0. (= if MG!)

Distributions: 1√
2πσ2

e−(x−µ)2/2σ2
, λe−λx, e−µ µk

k!
.
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